Worksheet 4: More Derivatives (3.3-3.6) Solutions

Name: Due: June 15th by 3PM via HuskyCT

Compute the derivative of the functions below using any of the differentiation rules up through Section
3.6.

_ sin(z)
L Jlo) = 1 + sin(x)
Solution.
; « (I+sinz)cosz — (sinz)(cosz)  cosw
fle) = (1 + sinz)? (1 +sinz)?

2. f(x) = sin(z) cos(z)

Solution.

f'(x) = (sinz)(—sinz) + (cosz)(cos ¥) = —sin® x + cos® z

3. f(x) = 2" cos(x), n a constant.

Solution.
f'(x) =na" teosw + 2"(—sinz) = 2" ' (ncosz — xsinx)

tan(z)
x?+1

4. fla) =

Solution.
(sec?x)(2? + 1) — (tanz)(2z)

5.y = (2 —z+1)1°

Solution.
fl(x) =10(z® — 2z +1)°(32% — 1)



6. y =V +4x

Solution.

322+ 4

23 + 4z

fz) = %(mB dz) V(322 4 4) =

7.y = 3*" cos(z)

Solution.
F(z) = (3" In(3) - 42%)(cos z) + (3°")(—sinz) = 3*" (41n(3)® cos = — sin z)

8. f(z) = In(Vx)

Solution. ) ) ) )
! — _— (= -1/2 — -
r@= (") = s

9. f(z) = 2"

Solution.

Let y = 2", Then
In(y) = In(2**") = 32%In(z).

Differentiating both sides

L~ (@n)(n(e) + (32) (1 ) = 6 n(e) + 32

Y x
Multiplying both sides by y

y' = y(6xIn(z) + 3z) = % (6x In(z) + 32) = 323 1 (2In(z) + 1)

Use implicit differentiation to differentiate y with respect to z. Your formula for 3’ may involve both z
and .

10. 2%y — axy® = x + y, where a is a constant

Solution.

(2zy + 2%y') — (ay® + ax - 3y*y) = 1+ ¢/
2%y — 3azy*y —y =1 — 2zy + ay®
Y (2% — 3axy® — 1) = 1 — 2xy + ay®

, 1 —2zy + ay?
y:

2?2 — 3axy? — 1)



11. e™ = 22 + 92

Solution.

d
Ty — 2 2 /
e —dx(fvy) T+ 2yy

eV(1-y+az-y)=2x+2yy
ey + ey = 2z + 2y
ey — 2yy = 2x — ™y
y'(e™r — 2y) =2z — ™y

, 2x— ey

v = ey — 2y

12. sin(z + y) = = + cos(3y)
Solution.

cos(x +y)(1+vy') =1 —sin(3y)(3y)
cos(z 4+ y) + cos(x + y)y' =1 — 3sin(3y)y’
cos(z 4+ y)y' + 3sin(3y)y’ =1 — cos(x + y)
' (cos(z + y) + 3sin(3y)) = 1 — cos(x + y)
J = 1 — cos(z —i—.y)
cos(z +y) + 3sin(3y)

13. Extra Credit: Show that for any = > 0

€T n
lim (1 + —> =e".
n—o0 n
Hint: Manipulate the fraction and the exponent algebraically and use the fact you learned from class

(Section 3.6) that lim (14 )" =e.
n—oo

Solution.

Just using algebra we can manipulate the expression (1 + %)n to be

o2 = () = ((52) )

Notice that nothing in the problem was changed and that this can be simplified right back down to what
we started with.

Now let m = n/x so that



Hence, using the fact that lim (1 + %) = e, we get

m—0o0
n 1 m X
lim <1+£> = lim (<1+—) )
n—o0 n m—oo m

Note that in the above computation we were allowed to move the limit inside the parenthesis since

((1 + %)m)m is an exponential function [of the form b”| and exponential functions are continuous. [Re-

call from earlier in the course you can move limits inside continuous functions.]



